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Covariant gravitational equations on a brane world with a Gauss-Bonnet term
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We present covariant gravitational equations to describe a four-dimensional brane world in the case with a
Gauss-Bonnet term in a bulk spacetime, assuming that gravity is confined on theZ2 symmetric brane. It
contains some components of the five-dimensional Weyl curvature (Emn) which describes all effects from the
bulk spacetime just as in the case of the Randall-Sundrum second model. Applying this formalism to cosmol-
ogy, we derive the generalized Friedmann equation and calculate the Weyl curvature term, which is directly
obtained from a black hole solution.
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I. INTRODUCTION

A brane is now one of the most important ideas in parti
physics @1#. It may provide us a new solution for the so
called hierarchy problem and a new mechanism for comp
tification of extra dimensions. Since the fundamental sc
could be TeV in some models@2#, the gravitational effect is
not ignored even at a much lower energy scale than
Planck mass. For example, black hole formation in a n
generation particle collider could be observed@3#. It should
be also stressed that we could come across the first ex
mental evidence of quantum gravity. It may also change
view of the universe: we live in a four-dimensional~4D!
hypersurface embedded in a higher-dimensional bulk sp
time @4#. For these reasons, the brane world scenarios h
attracted a lot of attention.

Among the many brane models, those proposed by R
dall and Sundrum~RS! are very important@5,6#. They are
motivated by superstring or M theory: i.e., the orbifold com
pactification of higher-dimensional string theory by the
mensional reduction of 11-dimensional supergravity inR10

3S1/Z2 @7#. The standard-model particles are confined in
4D brane world while gravity accesses extra dimensions
a string or D-brane system. In their first model~RS I! @5#,
they proposed a mechanism to solve the hierarchy prob
with two branes, whereas in their second model~RS II! @6#,
they considered a single brane with a positive tension, wh
4D Newtonian gravity is recovered at low energies even
the extra dimension is not compact. This mechanism p
vides an alternative compactification of extra dimensio
However, those models may inevitably expect a singu
spacetime just as in general relativity, although they
based on a string theory. In fact, Gibbons@8# and Maldacena
and Nunez@9# showed a no-go theorem, which states th
there are no nonsingular warped compactifications in a la
class of supergravity theories including 11-dimensional
pergravity, IIB, IIA, and massive IIA. One of the ways t
evade this argument is adding the higher-curvature cor
tions to the bulk Lagrangian. The higher-curvature ter
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naturally arise as a next leading order of thea8 expansion of
a superstring theory@10#. One may expect that they are d
scribed by the so-called Gauss-Bonnet combination, whic
shown to be a ghost-free combination@11#. It also plays a
fundamental role in Chern-Simon theories@12#. It was shown
that the graviton zero mode is localized at law energies in
Gauss-Bonnet brane system as in the RS II model@13–16#
~see Ref.@15# for a complete analysis! and that the correction
of Newton’s law becomes milder by including the Gaus
Bonnet term@17#.

As for cosmology with a brane world, there has be
many works over the last several years@18–20#. In particu-
lar, based on the RS II brane model, which is one of the m
popular ones, some interesting properties such as ‘‘dark
diation’’ or quadratic density term in the Friedmann equati
have been found, assuming a simple bulk metric@20#. Since
gravity is confined on a brane, the induced metric descri
gravity on a brane. Hence the geometrical reduction give
covariant form of the basic equations for brane grav
@21–24#. Applying this formalism, we find the Friedman
equation easily.

As we discussed above, since including the Gauss-Bon
term is important, such models have also been extensi
studied @25–31#. Many authors so far have studied in th
contexts of a resolution of initial singularity, inflation, and
self-tuning mechanism of cosmological constant and so
In these analysis, a simple bulk metric is assumed just a
Ref. @20#.

In order to understand those problems further, it may
convenient for us to extend the covariant gravitational eq
tions on a brane to the case with the Gauss-Bonnet term.
is the purpose of the present paper. To find such equati
we first have to prove a consistency with a thin-wall ansa
When we have a system with quadratic curvature terms
bulk spacetime, we will be soon faced with an obstacle.
general, we expect terms such as (£nKAB)2 in the field equa-
tions, whereKAB is the extrinsic curvature of a brane. If
brane is an infinitely thin singular wall, which could be d
scribed by thed function, the extrinsic curvature must have
©2004 The American Physical Society02-1
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jump at a brane. However, if £nKAB is proportional to thed
function, a term of (£nKAB)2 makes trouble because it give
a square of thed function. The reason for this breakdown
our thin-wall ansatz. We have to find other relevant junct
conditions which may require information about the intern
structure of a brane; that is, we have to discuss a thick-br
model. The basic equations may not be described only b
geometric reduction.

In the case with the Gauss-Bonnet term, however,
situation changes completely. The basic equations sho
quasilinear property pointed out by Choquet-Bruhat@32# and
Deruelle and Madore@33#, which guarantees a thin-wall an
satz because it contains only linear terms of £nKAB . Using
this fact, some authors derived the generalized Friedm
equation with a simple bulk metric. With this fact, here w
derive the covariant gravitational equations on a brane in
case with the Gauss-Bonnet term. The basic equations
described by 4D brane variables except for the 5D W
curvature tensorEmn . Although our system is not close
because of the existence ofEmn , for a cosmological setting
we recover the generalized Friedmann equation which c
tains one integration constant and then gives a closed f
just as in the case of Ref.@21#. This generalized Friedman
equation is the same as that obtained by the previous au
@29–31#. In this formulation, we need not to assume a
functional form for the brane action. We can add any cur
ture terms in four dimensions, which may be induced
quantum effects of matter fields. These brane-induced g
ity models were investigated mainly in the cosmological
pect @34–37#.

In Sec. II, we derive the covariant gravitational equatio
on a brane, applying it to cosmological model in Sec. III. W
obtain the generalized Friedmann equation, which is gi
by a cubic equation with respect to the Hubble parame
squareH2. Conclusions and remarks follow in Sec. IV.

II. EFFECTIVE GRAVITATIONAL EQUATIONS

We consider a 5D bulk spacetime with a single 4D bra
world, on which gravity is confined. We assume the 5D b
spacetime (M,gAB), whose coordinates areXA (A
50,1,2,3,5), is described by the Einstein-Gauss-Bonnet
tion

Sbulk5E
M

d5XA2gF 1

2k5
2~R1aLGB!1LmG , ~2.1!

where

LGB5R 224RABR AB1RABCDR ABCD. ~2.2!

Here k5
2 is the 5D gravitational constant, andR, RAB ,

RABCD , and Lm are the 5D scalar curvature, Ricci tenso
Riemann curvature, and matter Lagrangian in the bulk,
spectively.a is a coupling constant. The 4D brane wor
(B,hmn) is located at a hypersurface@S(XA)50# in the 5D
bulk spacetime and the induced 4D metrichmn is defined by

hAB5gAB2nAnB , ~2.3!
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where nA is the spacelike unit-vector field normal to th
brane hypersurfaceB. The action is assumed to be given b
the most generic action

Sbrane5E
B
d4xA2h@Lsurface1Lbrane~hab ,c!#, ~2.4!

where xm (m50,1,2,3) are the induced 4D coordinates
the brane,

Lsurface5
1

k5
2@K12a~J22GrsKrs!# ~2.5!

is the surface term@38–40#, andLbrane(hab ,c) is the effec-
tive 4D Lagrangian, which is given by a generic function
of the brane metrichab and matter fieldsc. Here Kmn

(5h m
A h n

B ¹AnB), K, J, and Grs in the surface term are th
extrinsic curvature ofB, its trace, its cubic combination de
fined later, and the Einstein tensor of the induced me
hmn , respectively.

The total action (S5Sbulk1Sbrane) gives our basic equa
tions as

GAB1aHAB5k5
2@TAB1tABd~S!#, ~2.6!

where

GAB5RAB2
1

2
gABR, ~2.7!

HAB52@RRAB22RACR B
C 22R CDRACBD

1R A
CDERBCDE#2

1

2
gABLGB , ~2.8!

and

TAB[22
dLm

dgAB
1gABLm ~2.9!

is the energy-momentum tensor of bulk matter fields, wh
tmn is the ‘‘effective’’ energy-momentum tensor localized o
the brane which is defined by

tmn[22
dLbrane

dhmn
1hmnLbrane. ~2.10!

The d(S) denotes the localization of brane contributions.
is worth noting thattmn may include curvature contribution
from induced gravity@34,23#. In that term, we can also in
clude ‘‘nonlocal’’ contributions such as a trace anoma
@36,37#, although those contributions are not directly deriv
from the effective LagrangianLbrane.

The basic equations in the brane world are obtained
projecting the variables onto the brane world because
assume that the gravity on the brane is confined. We t
project the 5D Riemann tensor onto the brane spacetime
2-2
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RMNRS h A
M h B

N h C
R h D

S 5RABCD2KACKBD1KADKBC ,
~2.11!

RMNRS h A
M h B

N h C
R nS52D [AKB]C , ~2.12!

RMNRS h A
M h C

R nNnS52£nKAC1KABK C
B ,

~2.13!
02400
whereRABCD is the Riemann tensor of the induced met
hMN , DM is the covariant differentiation with respect t
hMN , and £n denotes the Lie derivative in then direction.
The first equation is called the Gauss equation. Using
projection, the 5D Riemann curvature and its contractio
~the Ricci tensor and scalar curvature! are described by the
4D variables on the brane with the normalnM as
ingular
t,
RMNRS5RMNRS2KMRKNS1KMSKNR2nMDRKNS1nMDSKRN1nNDRKSM2nNDSKRM

2nRDMKNS1nRDNKMS1nSDMKNR2nSDNKMR1nMnRKNCK S
C 2nMnSKNCK R

C

2nNnRKMCK S
C 1nNnSKMCK R

C 2nMnR£nKNS1nMnS£nKNR1nNnR£nKMS2nNnS£nKMR , ~2.14!

RMN5RMN2KKMN12KMCK N
C 1nM~DCK N

C 2DNK !1nN~DCK M
C 2DMK !

1nMnNKCDKCD2£nKMN2nMnNhCD£nKCD , ~2.15!

R5R2K213KCDKCD22hCD£nKCD . ~2.16!

As was shown in Refs.@32,33#, the Einstein-Gauss-Bonnet equation is quasilinear, which means that apart from nons
terms given by the four-dimensional variables, it contains only linear terms of £nKAB but no quadratic terms appear. In fac
inserting these relations into the basic equation~2.8!, we find the effective equations on the brane as

Mmn2
1

2
Mhmn1KmrK n

r 2hmnKabKab2£nKmn1hmnhrs£nKrs

12a~Hmn2M£nKmn12Mm
r£nKrn12M n

r£nKrm1Wmn
rs£nKrs!5k5

2@TMNh m
M h n

N 1tmnd~S!#, ~2.17!

Nm12a~MNm22Mm
rNr12M rsNmrs2Mm

nrsNrsn!5k5
2T MNnNh m

M , ~2.18!

M1a~M224MabMab1MabgdMabgd!522k5
2T MNnMnN, ~2.19!

where

Mabgd5Rabgd2KagKbd1KadKbg ,

Mab5hrsMarbs5Rab2KKab1KagK b
g ,

M5habMab5R2K21KabKab, ~2.20!

Nmnr5DmKnr2DnKmr ,

Nm5hrsNrms5DnKm
n2DmK, ~2.21!

Hmn5MMmn22~MmrM n
r 1M rsMmrns!1MmrskM n

rsk12KabKabMmn1MKmrK n
r

22~KmrK s
r M n

s 1KnrK s
r M m

s !22KrkKk
sMmrns22@NmNn2Nr~Nrnm1Nrmn!#

1NrsmN n
rs 12NmrsNn

rs2
1

4
hmn@M224MabMab1MabgdMabgd#

1hmn@2KabKabM12MabKagKg
b12NaNa2NabgNabg#, ~2.22!

Wmn
rs5Mhmnhrs22Mmnhrs22hmnM rs12Mmanbharhbs. ~2.23!
2-3
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Note that the linear terms of £nKCD appear only in Eq.~2.17!
but not in Eqs.~2.18! and~2.19!. This is consistent with our
ansatz that the contribution from a brane is given by E
~2.10! because its contraction bynA vanishes.

The singular behavior in 5D bulk spacetime appears in
5D gravitational equations~2.6! as thed function. Then,
£nKCD has thed-functional singularity to balance to th
energy-momentum tensor of the brane world. Integrating
~2.17! in the n direction, we obtain the generalized Israe
junction condition@41–43#

@Kmn#62hmn@K#612a~3@Jmn#62hmn@J#6

22Pmrns@Krs#6!52k5
2tmn , ~2.24!

where

Jmn5
1

3
~2KKmrK n

r 1KrsKrsKmn

22KmrKrsKsn2K2Kmn!, ~2.25!

Pmnrs5Rmnrs12hm[sRr]n12hn[rRs]m1Rhm[rhs]n .

~2.26!

We have introduced

@X#6[X12X2, ~2.27!

whereX6 areX’s evaluated either on the1 or 2 side of the
brane andPmnrs is the divergence-free part of the Riema
tensor: i.e.,

DmP nrs
m 50. ~2.28!

Because of theZ2 symmetry, we have

Kmn
1 52Kmn

2 ; ~2.29!

then, the extrinsic curvature of the brane is uniquely de
mined by the junction condition as

Bmn52
k5

2

2
tmn , ~2.30!

where

Bmn[Kmn2Khmn12a~3Jmn2Jhmn22PmrnsKrs!.
~2.31!

In what follows, we omit the indices6 below for brevity.
The above quasilinearity guarantees the ansatz of an

nitely thin brane. The equations obtained for the induc
metric are described by geometrical quantities and do
depend on the microphysics of the brane. This situation
be changed when we discuss other curvature-squared te
On the other hand, if we include the Lovelock Lagrangi
which is higher than the Gauss-Bonnet one but does
contain higher derivatives, we can assume that a bran
infinitely thin because it is also quasilinear and then exte
the present approach.
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In order to find the effective equations on the brane,
have to replace the terms of £nKmn in Eq. ~2.17! with the 4D
variables on the brane. The singular part in Eq.~2.17! has
been evaluated by the junction condition. Hence we have
evaluate £nKmn either on the1 or 2 side of the brane,
which is nonsingular. From Eqs.~2.13!, ~2.15!, and ~2.16!
with the decomposition of the Riemann tensor as

RABCD5
2

3
~gA[CRD]B2gB[CRD]A!2

1

6
gA[CgD]BR

1CABCD , ~2.32!

whereCMRNS is the 5D Weyl curvature, we find

£nKmn2
1

4
hmnhab£nKab52

3

2
Emn2

1

2S Mmn2
1

4
hmnM D

1KmrK n
r 2

1

4
hmnKrsKrs,

~2.33!

where

Emn[C MRNSn
MnNh m

R h n
S . ~2.34!

However, because Eq.~2.33! is a trace-free equation, w
cannot fix £nKmn by Eq. ~2.33!. We have to findhab£nKab
from other independent equations. We shall take a trace
our basic equation~2.6!, finding

3R1aLGB522k5
2T. ~2.35!

Inserting Eqs.~2.11!–~2.13! with Eq. ~2.33! into Eq. ~2.35!,
we find

hab£nKab5
M

2
1KabKab1

k5
2

31aM
T1

a

2~31aM !
I ,

~2.36!

where

I 5M228MabMab1MabgdMabgd

28NrNr14NrskNrsk212M rsErs. ~2.37!

From Eq.~2.33! with Eq. ~2.36!, we then find

£nKmn52
3

2
Emn2

1

2 S Mmn2
1

2
MhmnD1KmrKn

r

1
k5

2

4~31aM !
Thmn1

a

8~31aM !
Ihmn .

~2.38!

Inserting Eq.~2.38! into Eq. ~2.17!, we obtain the effective
gravitational equations on the brane as
2-4
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3

2
~Mmn1Emn!2

1

4
Mhmn1a@Hmn

(1)1Hmn
(2)1Hmn

(3)#

2
a2I

2~31aM ! S Mmn2
1

4
MhmnD

5k5
2FTMNh m

M h n
N 2

1

4
hmnT

1
a

31aM S Mmn2
1

4
MhmnDT G , ~2.39!

where

Hmn
(1)52MmabgM n

abg26M rsMmrns14MMmn28MmrM n
r

2
1

8
hmn~7M2224MabMab13MabgdMabgd!,

Hmn
(2)526~MmrE n

r 1M nrE m
r 1MmrnsErs!

1
9

2
hmnM rsErs13MEmn ,

Hmn
(3)524NmNn14Nr~Nrmn1Nrnm!12NrsmN n

rs

14NmrsNn
rs13hmnS NaNa2

1

2
NabgNabgD .

~2.40!

Equation~2.19! is automatically satisfied when we take
trace of Eq.~2.39!, which means that it is not independen
We have then two basic equations~2.39! and ~2.18!. Equa-
tion ~2.18! is rewritten as

Dn@Km
n2Kdm

n12a~3Jm
n2Jdm

n22Pm
rnsKrs!#

5k5
2T MNhm

MnN, ~2.41!

which gives the constraint on the brane matter fields thro
the junction condition~2.30!: i.e.,

Dntm
n522T MNhm

MnN. ~2.42!

If there is no energy-momentum transfer from the bulk,
find the energy-momentum conservation of brane ma
fields as

Dntm
n50. ~2.43!

In Eq. ~2.39!, we have so far three unknown variabl
TAB , Emn , andKmn . The first two variables are described b
bulk information, whereas the extrinsic curvatureKmn is re-
lated to the brane ‘‘energy-momentum’’ tensortmn as Eq.
~2.30!. Hence Eqs.~2.30! and ~2.39! with the energy-
momentum conservation~2.43! give the effective gravity
theory on the brane.
02400
h

e
r

It may be better to rewrite Eq.~2.39! to the Einstein-type
equations with ‘‘correction’’ terms. From Eqs.~2.19! and
~2.39!, we find

Gmn1Emn2KKmn1KmrK n
r 1

1

2
~K22KabKab!hmn

1a~Ĥmn
(1)1Ĥmn

(2)1Ĥmn
(3)!

5
2k5

2

3 H FTMNh m
M h n

N 1S T MNnMnN2
1

4
T M

M DhmnG
1

a

31aM S Mmn2
1

4
MhmnDT MNhMNJ , ~2.44!

where

Ĥmn
(1)5

4

3
~MmabgM n

abg23M rsMmrns

12MMmn24MmrM n
r!

2
1

12
hmn~11M2240MabMab17MabgdMabgd!

2
a

3~31aM ! S Mmn2
1

4
MhmnD

3~M228MabMab1MabgdMabgd!,

Ĥmn
(2)524~MmrE n

r 1M nrE m
r 1MmrnsErs!13hmnM rsErs

12MEmn1
4a

31aM S Mmn2
1

4
MhmnD M rsErs,

Ĥmn
(3)5

8

3 F2NmNn1Nr~Nrmn1Nrnm!

1
1

2
NrsmN n

rs 1NmrsNn
rsG

1F2hmn1
8a

3~31aM ! S Mmn2
1

4
MhmnD G

3S NaNa2
1

2
NabgNabgD . ~2.45!

As for the junction condition, we find

Kmn1
2a

3
@9Jmn22Jhmn22~3Pmrns1hmnGrs!Krs#

52
k5

2

2 S tmn2
1

3
thmnD . ~2.46!

If a50, we find two equations
2-5



n
th
he

se

to
o
rl

nt
e

o

ce-

KEI-ICHI MAEDA AND TAKASHI TORII PHYSICAL REVIEW D 69, 024002 ~2004!
Gmn1Emn2KKmn1KmrK n
r 1

1

2
~K22KabKab!hmn

5
2k5

2

3 FTMNh m
M h n

N 1S T MNnMnN2
1

4
T M

M DhmnG ,
~2.47!

Kmn52
k5

2

2 S tmn2
1

3
thmnD , ~2.48!

which are exactly the same as those found in Ref.@21#,
which gives the Einstein gravitational theory in the 4D bra
world. However, if the Gauss-Bonnet term appears,
gravitational interaction on the brane will be modified in t
effective theory.

The gravity on the brane is described by Eq.~2.39! with
Eq. ~2.30! or, equivalently, by Eq.~2.44! with Eq. ~2.46!. Just
as the case of the RS II model, this system is not clo
because of the appearance of terms withEmn , which is some
component of the 5D Weyl curvature. Although we have
solve a bulk spacetime as well as a brane world, we kn
that any contribution from a bulk spacetime to a brane wo
is described only by the tidal forceEmn .

Although the above form~2.39! or ~2.44! is good enough
to describe our basic equations, it is sometimes convenie
divide Eq. ~2.39! into two parts: its trace and the trace-fre
equation. Introducing trace-free variables as

M̃mn5Mmn2
1

4
Mhmn ,

Lmnrs5Mmnrs1hm[sM̃ r]n1hn[rM̃s]m2
1

6
Mhm[rhs]n ,

~2.49!

we find

M1aS 1

6
M222M̃abM̃ab1LabgdLabgdD

522k5
2T MNnMnN, ~2.50!

3

2
~M̃mn1Emn!1a@H̄mn

(1)1H̄mn
(2)1H̄mn

(3)#

5k5
2FTMNh m

M h n
N 2

1

4
hmnT MNhMN

1
a

31aM
M̃mnT MNhMNG , ~2.51!

where

H̄mn
(1)52~LmabgLn

abg2M̃abLmanb2M̃m
aM̃an!

2
32aM

6~31aM !
MM̃mn1

2a

31aM
M̃abM̃abM̃mn

2
1

2
hmn~LabgdLabgd2M̃abM̃ab!,
02400
e
e
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H̄mn
(2)523~M̃mrE n

r 1M̃ nrE m
r 12LmrnsErs!

1
3

2
hmnM̃ rsErs1

1

2
MEmn

1
6a

31aM
M̃ rsErsM̃mn ,

H̄mn
(3)524NmNn14Nr~Nrmn1Nrnm!12NrsmN n

rs

14NmrsNn
rs13hmnS NaNa2

1

2
NabgNabgD

1
4a

31aM S NaNa2
1

2
NabgNabgD M̃mn . ~2.52!

The junction condition~2.30! is also decomposed into tw
parts

B[B m
m 523K1aS 4M̃ rsK̃rs2KM2

1

2
K3

12KK̃rsK̃rs2
8

3
K̃ s

r K̃ k
s K̃ r

k D52
k5

2

2
t, ~2.53!

B̃mn[Bmn2
1

4
Bhmn

5K̃mn212a J̃mn2aF4LmrnsK̃rs12K̃m
rM̃ rn

12K̃n
rM̃ rm2hmnK̃rsM̃ rs2KM̃mn2

1

3
MK̃mnG

52
k5

2

2 S tmn2
1

4
thmnD , ~2.54!

where

K̃mn5Kmn2
1

4
Khmn ,

J̃mn5Jmn2
1

4
Jhmn

5
1

3 F22K̃mrK̃rsK̃sn1
1

2
KK̃mrK̃ n

r

1K̃mnS K̃rsK̃rs2
1

8
K2D

1
1

2
hmnS K̃ b

a K̃ g
b K̃ a

g 2
1

4
KK̃rsK̃rsD G . ~2.55!

In this decomposition, our basic equations are Eqs.~2.50!
and ~2.51! with the junction conditions~2.53! and ~2.54!.
This form may be better to describe some symmetric spa
time such as the Friedmann-Robertson-Walker~FRW! uni-
verse, which we shall study next.
2-6
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III. FRIEDMANN EQUATION

We apply the present reduction to the FRW cosmolo
We assume spacetime as

ds252dt21a2~ t !g i j dxidxj , ~3.1!

whereg i j denotes the metric of maximally symmetric thre
dimensional space. This gives

R 0
0 53~X1Y!, R j

i 5~Y13X!d j
i ,

R 0 j
0i 5~X1Y!d j

i , R kl
i j 5X~d k

i d l
j 2d l

i d k
j !,

P 0 j
0i 5Xd j

i , P kl
i j 5~X1Y!~d k

i d l
j 2d l

i d k
j !, ~3.2!

where

X[H21
k

a2 , Y[Ḣ2
k

a2 . ~3.3!

We assume that only a cosmological constant exists in
bulk: i.e.,

k5
2TMN52LgMN . ~3.4!

From the symmetry of FRW spacetime, we can set

K n
m 5~K 0

0 ,Kd j
i !, ~3.5!

E n
m 5E 0

0 S 1,2
1

3
d j

i D . ~3.6!

We note thatE n
m is trace free. We then write down the bas

equations~2.50! and ~2.51! as

2X̄1Ȳ14aX̄~X̄1Ȳ!5
L

3
, ~3.7!

3Ȳ12E 0
0 1a~H (1)1H (2)!52

8aL

31aM
Ȳ, ~3.8!

where

X̄5X2K 2,

Ȳ5Y2K 0
0 K1K 2, ~3.9!

M56~2X̄1Ȳ!,

H (1)[22ȲF2X̄13Ȳ2
a

3~31aM !
~M2118Ȳ2!G ,

H (2)[4S 2X̄2Ȳ1
6a

31aM
Ȳ2DE 0

0 . ~3.10!

Here we have used the fact thatLmnrs vanishes and

M̃ n
m 5

3

2
ȲS 1,2

1

3
d j

i D . ~3.11!
02400
.

e

We have also found thatNr and Nabg vanish as will be
shown below. The nontrivial components ofNr andNabg are
calculated as

N0523N, N0i
j52Ni0

j5Nd i
j , ~3.12!

where N[K̇2H(K 0
0 2K), which gives the left-hand side

~LHS! of Eq. ~2.18! as

23N~114aX̄!. ~3.13!

Since the RHS of Eq.~2.18! vanishes when only a cosmo
logical constant appears in a bulk spacetime, we obtain

N5K̇2H~K 0
0 2K!50, ~3.14!

resulting thatNr5Nabg50.
As for the junction condition~2.30!, we first calculateJmn

as

J̃ n
m 52

1

2
K 2~K 0

0 2K!S 1,2
1

3
d j

i D ,

J522K 2~3K 0
0 1K!, ~3.15!

and then obtain

B̃ n
m 5

3

4
@~K 0

0 2K!~114aX̄18aK 2!

18aKȲ#S 1,2
1

3
d j

i D ,

B523~K 0
0 13K!24a@2K 2~K13K 0

0 !

13~K 0
0 13K!X̄16KȲ#. ~3.16!

The junction condition~2.30! gives two independent rela
tions

#K~114aX̄!1
8

3
aK 35

k5
2

6
t 0

0 , ~3.17!

~K 0
0 2K!@114a~X̄12K 2!#18aKȲ5

k5
2

2
~t 1

1 2t 0
0 !.

~3.18!

We also find

Ẋ̄52HȲ ~3.19!

from Eq. ~3.14! with Ẋ52HY. We then recover the energy
momentum conservation law

ṫ 0
0 13H~t 0

0 2t 1
1 !50 ~3.20!

from Eqs.~3.17! and ~3.18!.
Using Eq.~3.19! with Eq. ~3.7!, we obtain
2-7
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Ẋ̄52H~114aX̄!21FL3 22X̄~112aX̄!G , ~3.21!

which is easily integrated as

X̄~112aX̄!5
L

6
1

C

a4 , ~3.22!

whereC is an integration constant.
If a50, we have

X̄5X̄0~a![
L

6
1

C

a4 . ~3.23!

With Eq. ~3.17! we find

X[X̄0~a!1K 25
k5

4

36
~t 0

0 !21
L

6
1

C

a4 . ~3.24!

Settingt 0
0 52(l1r), wherel is a positive tension of the

brane andr is the energy density, we recover the well-know
equation in brane cosmology, i.e.

H21
k

a2 5
L4

3
1

8pG

3
r1

k5
4

36
r21

E 0
0

3
, ~3.25!

where

L45
1

2 S L1
k5

4l2

6 D , 8pG5
k5

4

6
l. ~3.26!

We have usedE 0
0 (523Ȳ/2)53C/a4, which is obtained

from Eqs.~3.7!, ~3.8!, and~3.23!.
When aÞ0, solving the above quadratic equation, w

obtain

X̄5X̄6~a![
1

4a
@216A118aX̄0~a!#. ~3.27!

InsertingK 25X2X̄6(a) into the square of Eq.~3.17!, we
find

@X2X̄6~a!#F11
8

3
aX1

4

3
aX̄6~a!G2

5
k5

4

36
~t 0

0 !2.

~3.28!

This is a generalization of the Friedmann equation. If
brane contains only the matter field including a tension—i
t 0

0 52(l1r)—it is a cubic equation with respect toX
5H21k/a2 @29,30,42#. When we have the Einstein-Hilbe
action on the brane such as an induced gravity@23,34#, the
generalized Friedmann equation becomes complicated, b
is still a cubic equation@31#. In the case with a trace
anomaly,t 0

0 contains not onlyl, r, andX, but alsoY andẎ.
As a result, we have a very complicated equation.

The other independent equation~3.8! just gives the value
of E 0

0 : i.e.,
02400
e
.,

t it

E 0
0 52

3

2
Ȳ6~a!F11

8aȲ6~a!

3@114aX̄6~a!#
G , ~3.29!

where

Ȳ6~a!5@114aX̄6~a!#21FL3 22X̄6~a!@112aX̄6~a!#G
522C@114aX̄6~a!#21a24. ~3.30!

This is the advantage in our description of the basic eq
tions ~2.50! and ~2.51!. The former gives the generalize
Friedmann equation, while the latter is an algebraic equa
for E 0

0 .
Because we have the Birkhoff-type theorem@29,44#, the

bulk spacetime is described by a ‘‘black hole’’ solutio
@45,46#, whose metric is

ds252 f ~r !dt21 f 21~r !dr21r 2dSk
2 , ~3.31!

where

f ~r !5k1
r 2

4a S 17A11
4aL

3
1

16am

3r 4 D . ~3.32!

A mass of a ‘‘black hole’’ is given byM5Vkm/k5
2, where

Vk is the volume of three-dimensional space with a u
radius. Calculating the curvature tensor, we find

E 0
0 5C 01

01

56
m

r 4S 11
4aL

3
1

16am

3r 4 D 23/2S 11
4aL

3
1

16am

9r 4 D .

~3.33!

Using Eq.~3.27!, we find that Eq.~3.29! with Eq. ~3.30! is
the same as Eq.~3.33! with m53C/2 and r 5a. Hence an
integration constantC corresponds to a mass of a ‘‘blac
hole’’ just as in the RS II model. However, ‘‘dark radiation
E 0

0 is not simply a radiation term but it depends complic
edly ona. The signature6 in Eq. ~3.33! corresponds to6 of
X̄6 .

Here we shortly summarize a global structure of t
‘‘black hole’’ solution ~3.31!. It has a singularity atr 50 if
mÞ0 as

RABCDR ABCD'
4m

ar 4
. ~3.34!

If 1 1 4
3 aL.0, the upper-sign solution of Eq.~3.32! has an

event horizon ifk<0 or k51 and m.3a, while for the
lower-sign case, a singularity becomes naked unlessk521
andm,3a. For the case of 11 4

3 aL,0, r is bounded from
above asr<r max, where

r max5S 16am

3u11 4
3 aLu D

1/4

. ~3.35!
2-8
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Although the equationf (r )50 has a positive root for som
restricted conditions, there appears another singularityr
5r max. The curvature-invariant diverges there as

RABCDR ABCD'
m

12ar max~r max2r !3
. ~3.36!

Since this singularity is time like and then naked, the abo
root does not mean an event horizon. There is no reg
asymptotic region.

Another important property of this solution is about s
bility. First, Boulware and Deser claimed that the lowe
branch solution in Eq.~3.32! is unstable@45#; however, it
turns out that the solutions in both branches are stable@47#.

With these basic equations, several authors analyzed
dynamics of the universe@29–31#. In this paper, assuming
the induced gravity model@23,34#, we first find a condition
for a Minkowski brane. In the induced gravity model@23#,
we have

t 0
0 52~l1r!13m I

2X, ~3.37!

where l is a positive tension of a brane,r is the energy
density on a brane, andm I is a mass scale in the induce
gravity, which is expected to be the Planck mass. If we
m I50, we find the model without an induced gravity actio
on the brane. In the Minkowski brane,X5Y50 andr50.
From these conditions with Eqs.~3.18! and~3.30!, we show
that C50. The real value condition forX̄ requires

11
4

3
aL.0. ~3.38!

Inserting the conditions for the Minkowski brane withC
50 into Eq.~3.28!, we find

ak5
4l25124aL7S 11

4

3
aL D 3/2

. ~3.39!

This is a tuning condition for a zero cosmological const
on the brane. For the upper branch, when we take a limi
a→0, we recoverL1k5

4l2/650, which is the fine-tuning
condition for the RS II model. Note that such a limit does n
exist for the lower branch, although we have the Minkow
brane in this branch. The condition~3.38! gives the possible
range forl: that is,

0<ak5
4l2,4 H for 23,4aL<0 in the upper branch,

for 23,4aL<9 in the lower branch.
~3.40!

If L vanishes, we obtain the Minkowski brane for the low
branch withak5

4l252. A de Sitter brane~or anti de–Sitter
brane! is obtained ifl is larger~or smaller! than that given
by Eq. ~3.39!.

Finally, we show an asymptotic Friedmann equation
perturbing the Minkowski brane spacetime. Here we do
impose the tuning condition~3.39!. SettingX, r, andC/a4 as
02400
e
ar

-

he

t

t
f

t
i

r

y
t

small variables and expanding Eq.~3.28! up to those first-
order terms, we find the conventional Friedmann equat
with dark radiation as

H21
k

a2 5
L4

(6)

3
1

8pGN
(6)

3
r1

C (6)

a4
, ~3.41!

where

L4
(6)5

ak5
4l22114aL6S 11

4

3
aL D 3/2

12aS 12
4

9
aL1

1

6
k5

4lm I
2D , ~3.42!

8pGN
(6)5

k5
4

6S 12
4

9
aL1

1

6
k5

4lm I
2D ~l2m I

2L4
(6)!,

~3.43!

C (6)5
C

3S 12
4

9
aL1

1

6
k5

4lm I
2D

3S 26A11
4

3
aL1

8

3
aL4

(6)D . ~3.44!

Hence, in both branches, we have recovered the conventi
Friedmann universe in an asymptotic form. The early sta
of the universe may depend on the parameters as discuss
Refs.@29–31#.

If 1 1 4
3 aL,0, the scale factor of the universe cannot

infinitely large. There is an upper bound asa,amax5r max.
No Minkowski brane exists. If the scale factor approach
this value, the Weyl curvature~3.33! diverges, where a sin
gularity appears in a bulk black hole spacetime. Hence
universe evolves into a singularity although a scale facto
finite. Even if the universe does not approach this singular
the universe will get into trouble because it is a naked s
gularity.

IV. CONCLUDING REMARKS

We have derived the covariant gravitational equations o
brane world model with the Gauss-Bonnet curvature-squa
term in a bulk spacetime. Although the obtained equatio
are very complicated, any effects from a bulk spacetime t
brane world are described only by the Weyl curvature (Emn).
The basic equations are not given in a closed form beca
of this term.

Giving the energy-momentum tensor of the brane, wh
is shown to be conserved, the extrinsic curvature (Kmn) of a
brane satisfies a cubic matrix equation. Since it is not exp
itly given by the energy-momentum tensor, we have to so
a couple of equations for the induced metric and the extrin
curvature. If the brane action includes the induced grav
term, which may be expected from quantum effects of ma
fields on the brane, we have to replace the ener
2-9
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momentum tensor with its generalization just as in Ref.@23#.
We have then applied the present formalism to cosm

ogy. Assuming the FRW spacetime for a brane world,
have rederived the generalized Friedmann equation. The
tained equation has one integration constant, just as in the
II model, which is proportional to mass of a 5D black ho
solution. Hence the cosmological model has only one
known parameter. The system is described in a closed fo

Although we consider the Gauss-Bonnet term which
pears as the lowest-order correction in thea8 expansion of
superstring theory, we also expect higher-curvature cor
tion terms which are not taken into account in the pres
system. These terms would become important in the reg
with large curvature and modify the above story around s
gularities. In this sense it should be noted that the pres
approach can be applied not only to a brane model with
Gauss-Bonnet term in arbitrary dimensions but also to
with any Lovelock terms because of their quasilinear
@48,33#. Another extension is inclusion of a dilaton field. In
B

ys
s.

ed

d

02400
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e
b-
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t
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e

at

realistic string theory, we have a dilaton field which coup
to the Gauss-Bonnet term as well. It will change the dyna
ics of a brane world too. Such extensions are in progre
Analyzing those models, we hope that some fundame
cosmological problems such as a big-bang singularity o
cosmological constant will be solved.
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