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We present covariant gravitational equations to describe a four-dimensional brane world in the case with a
Gauss-Bonnet term in a bulk spacetime, assuming that gravity is confined afy, thgmmetric brane. It
contains some components of the five-dimensional Weyl curvatig) (which describes all effects from the
bulk spacetime just as in the case of the Randall-Sundrum second model. Applying this formalism to cosmol-
ogy, we derive the generalized Friedmann equation and calculate the Weyl curvature term, which is directly
obtained from a black hole solution.
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[. INTRODUCTION naturally arise as a next leading order of theexpansion of
a superstring theorf10]. One may expect that they are de-
A brane is now one of the most important ideas in particlescribed by the so-called Gauss-Bonnet combination, which is
physics[1]. It may provide us a new solution for the so- shown to be a ghost-free combinatiptl]. It also plays a
called hierarchy problem and a new mechanism for compadundamental role in Chern-Simon theor[d£2]. It was shown
tification of extra dimensions. Since the fundamental scalé¢hat the graviton zero mode is localized at law energies in the
could be TeV in some mode[g], the gravitational effect is Gauss-Bonnet brane system as in the RS Il miig+-16
not ignored even at a much lower energy scale than thésee Ref[15] for a complete analysisnd that the correction
Planck mass. For example, black hole formation in a nexbf Newton's law becomes milder by including the Gauss-
generation particle collider could be obsenj&d It should Bonnet term[17].
be also stressed that we could come across the first experi- As for cosmology with a brane world, there has been
mental evidence of quantum gravity. It may also change oumany works over the last several yeat8—20. In particu-
view of the universe: we live in a four-dimension@D) lar, based on the RS Il brane model, which is one of the most
hypersurface embedded in a higher-dimensional bulk spacgopular ones, some interesting properties such as “dark ra-
time [4]. For these reasons, the brane world scenarios hawdiation” or quadratic density term in the Friedmann equation
attracted a lot of attention. have been found, assuming a simple bulk mdi2i@]. Since
Among the many brane models, those proposed by Rargravity is confined on a brane, the induced metric describes
dall and Sundrum(RS) are very important5,6]. They are gravity on a brane. Hence the geometrical reduction gives a
motivated by superstring or M theory: i.e., the orbifold com- covariant form of the basic equations for brane gravity
pactification of higher-dimensional string theory by the di-[21-24. Applying this formalism, we find the Friedmann
mensional reduction of 11-dimensional supergravityRtY  equation easily.
X SYZ, [7]. The standard-model particles are confined in a As we discussed above, since including the Gauss-Bonnet
4D brane world while gravity accesses extra dimensions likéerm is important, such models have also been extensively
a string or D-brane system. In their first mod&S ) [5], studied[25—-31. Many authors so far have studied in the
they proposed a mechanism to solve the hierarchy probler@ontexts of a resolution of initial singularity, inflation, and a
with two branes, whereas in their second mo@$ Il) [6],  self-tuning mechanism of cosmological constant and so on.
they considered a single brane with a positive tension, whertn these analysis, a simple bulk metric is assumed just as in
4D Newtonian gravity is recovered at low energies even ifRef.[20].
the extra dimension is not compact. This mechanism pro- In order to understand those problems further, it may be
vides an alternative compactification of extra dimensionsconvenient for us to extend the covariant gravitational equa-
However, those models may inevitably expect a singulations on a brane to the case with the Gauss-Bonnet term. This
spacetime just as in general relativity, although they ards the purpose of the present paper. To find such equations,
based on a string theory. In fact, GibbdB$ and Maldacena we first have to prove a consistency with a thin-wall ansatz.
and Nunez 9] showed a no-go theorem, which states thatWhen we have a system with quadratic curvature terms in a
there are no nonsingular warped compactifications in a largbulk spacetime, we will be soon faced with an obstacle. In
class of supergravity theories including 11-dimensional sugeneral, we expect terms such agKfg)? in the field equa-
pergravity, 11B, 11A, and massive IIA. One of the ways to tions, whereK 55 is the extrinsic curvature of a brane. If a
evade this argument is adding the higher-curvature corredsrane is an infinitely thin singular wall, which could be de-
tions to the bulk Lagrangian. The higher-curvature termsscribed by the5 function, the extrinsic curvature must have a
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jump at a brane. However, if L 55 is proportional to theS  where n, is the spacelike unit-vector field normal to the

function, a term of (£K ,g)2 makes trouble because it gives brane hypersurfacB. The action is assumed to be given by

a square of thé function. The reason for this breakdown is the most generic action

our thin-wall ansatz. We have to find other relevant junction

conditions which may require information about the internal

structure of a brane; that is, we have to discuss a thick-brane Sbrané= f8d4x\/__h[Lsurface+ Loandhag )1, (2.4

model. The basic equations may not be described only by a

geometric reduction. where x* (1=0,1,2,3) are the induced 4D coordinates on
In the case with the Gauss-Bonnet term, however, thene prane,

situation changes completely. The basic equations show a

quasilinear property pointed out by Choquet-Brufggt] and 1

Deruelle and Madorg33], which guarantees a thin-wall an- Lsurfacs 2l K+2a(J—2G"K ;)] (2.9

satz because it contains only linear terms QK£g. Using K5

this fact, some authors derived the generalized Friedman

equation with a simple bulk metric. With this fact, here we tive 4D Lagrangian, which is given by a generic functional
derive the covariant gravitational equations on a brane in tth the brane metrich,, and matter fieldsy. Here K ,
ap

case with the Gauss-Bonnet term. The basic equations are , o, g po
described by 4D brane variables except for the 5D Wey! =N, Vane), K, J, andG*” in the surface term are the
extr|nS|c curvature oB, its trace, its cubic combination de-

curvature tensoiE,, . Although our system is not closed . : . .
v
because of the existence Bf,, , for a cosmological setting, fined later, and the Einstein tensor of the induced metric

we recover the generalized Friedmann equation which ConhM,_,r,hrespe(I:tlvely b

tains one integration constant and then gives a closed forrp € total action §= Spuk+ Sprand gives our basic equa-

just as in the case of Reff21]. This generalized Friedmann ons as

equation is the same as that obtained by the previous authors

[29-31]. In this formulation, we need not to assume any

functional form for the brane action. We can add any curva-

ture terms in four dimensions, which may be induced by

guantum effects of matter fields. These brane-induced grav- 1

ity models were investigated mainly in the cosmological as- = _Z

pect[3437, 9as=Ras ZgABR 2.7
In Sec. Il, we derive the covariant gravitational equations

on a brane, applying it to cosmological model in Sec. IIl. We HAB=2[RRAB—2RACRCB—ZRCDRACBD

obtain the generalized Friedmann equation, which is given 1

by a cubic equation with respect to the Hubble parameter CDE _ =

squareH?. Conclusions and remarks follow in Sec. IV. TRA" Recoel 5 9nslce 28

{d the surface termi38—-40, andLprand hag. ) is the effec-

Gas+ aHpp= k& Tap+ Tasd(2)], (2.6

where

Il. EFFECTIVE GRAVITATIONAL EQUATIONS and

We consider a 5D bulk spacetime with a single 4D brane 8L
world, on which gravity is confined. We assume the 5D bulk Tag= _ZW +09aLm (2.9
spacetime M,gag), Whose coordinates areX” (A 59

=0,1,2,3,5), is described by the Einstein-Gauss-Bonnet ac-
tion ), y ?s the energy-momentum tensor of bulk matter fields, while

, Is the “effective” energy-momentum tensor localized on
the brane which is defined by
Sbulk:f d°X N [ 2(R+ alce)t+Ln|, (2.1

I-brane
T,,=—2 +hy L brane (2.10
where . shuy wrbEne
Lop=R>—4RpgR P+ RapcpoRBCP. (2.2 The () denotes the localization of brane contributions. It

is worth noting thatr,,, may include curvature contributions
Here Ké is the 5D gravitational constant, arll, Rag, from induced gravity{34,23. In that term, we can also in-
Raecp, and L, are the 5D scalar curvature, Ricci tensor, clude “nonlocal” contributions such as a trace anomaly
Riemann curvature, and matter Lagrangian in the bulk, ref36,37, although those contributions are not directly derived
spectively. « is a coupling constant. The 4D brane world from the effective Lagrangiahy, e
(B,h,,) is located at a hypersurfa¢& (X*)=0] in the 5D The basic equations in the brane world are obtained by
bulk spacetime and the induced 4D metrig, is defined by  projecting the variables onto the brane world because we

assume that the gravity on the brane is confined. We then

hag=9ag—NaNg, (2.3 project the 5D Riemann tensor onto the brane spacetime as
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RMNRS hMAhNBhRChSD:RABCD_ KacKep+KapKse, where RAB(._‘,D is the Rie_mann_tensor_ of the i_nduced metric
(2.12) hun, Dwm is the covariant differentiation with respect to
hun, and £, denotes the Lie derivative in the direction.

Runrs hVahNshRon®=2D K g;c, (2.12  The first equation is called the Gauss equation. Using this
projection, the 5D Riemann curvature and its contractions
Runrs hYhFenNnS= — £ Ko+ KagK®e, (the Ricci tensor and scalar curvatuere described by the

(2.13 4D variables on the brane with the nornmgj as

Rmnrs™ Runrs™ KmrKns T KusKnr=NuDrK st NuD sKryt NNDrKsy—NND sKrm
—NrDyKnst NRD K st NsDmKnr—NsDnKurt NungKncK 5= nunsKncK %
—nNrKmcK s+ NunsKucK = nungrEnKns+ NuNeEnKnrt NNNRENK Ms— NNNSEnK ur (2.19
Run=Run— KKyt 2Ky cK G+ nw(DcK S —DyK) +ny(DcK Gy —DyK)
+ny N KcpKP—£,Kyn—nunnhPEKcp (2.19
R=R—K2+3KpKP—2h°PE Kcp. (2.16
As was shown in Ref$32,33, the Einstein-Gauss-Bonnet equation is quasilinear, which means that apart from nonsingular

terms given by the four-dimensional variables, it contains only linear termgkf £but no quadratic terms appear. In fact,
inserting these relations into the basic equati®®), we find the effective equations on the brane as

M,,— %M ht K K=, K gKP—£.K ,,+h, h*E K,
+2a(H,,~MEK,,+2M PEK,, +2M PEK, +W, P7E K, )= ki Tynh¥,h", + 7,,8(2)],  (2.17)
N,+2a(MN,—2M N, +2M?N,,,,—M "*’N,,,) = kETynn"h",, (2.18
M+ a(M2=4M ,sM*P+M 5, sM*P70) = — 24k ETyynMnN, (2.19
where

M agys=Rapys— Koy Kpst KasKpy,

M ,5=h?"M Rap— KK gt Koy K75,

apﬁo':
M=h*M ,z=R—K?+K,zK*?, (2.20

N,,=D,K,,—D,K

up wvp v up s

N,=h*"N,,,=DK,’~D K, (2.2

Hy,=MM,,—2(M, ,M* +M"M ,..,)+ M, M 7+ ZKQBKO‘BMW—I— MK, K”,

—2(K K ;M7 + K, K’ ;M7 ) —2KFP*K "M —2[N,N,—N’(N,,,+N,,,)]

upvo

N, NP7 +2N N""—lh M2—4M ,,M*P+M M @Brd
+ pou V+ Z ,uv[ ap + aByd ]

ppo’ Ty
+h,,, [~ K gK M +2M  gK 7K P+ 2N N“— N, 5, N“A7], (2.22
W, f“=Mh, h*7=2M, h*7=2h, MP7+2M,,,gh""hP°. (2.23
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Note that the linear terms of B -p appear only in Eq(2.17) In order to find the effective equations on the brane, we
but not in Eqs(2.18 and(2.19. This is consistent with our have to replace the terms ofl€,,, in Eq. (2.17) with the 4D
ansatz that the contribution from a brane is given by Eqvariables on the brane. The singular part in E17) has
(2.10 because its contraction by, vanishes. been evaluated by the junction condition. Hence we have to

The singular behavior in 5D bulk spacetime appears in thevaluate £K,, either on the+ or — side of the brane,
5D gravitational equation$2.6) as the § function. Then, which is nonsingular. From Eg$2.13), (2.15, and (2.16
£,Kcp has the s-functional singularity to balance to the with the decomposition of the Riemann tensor as
energy-momentum tensor of the brane world. Integrating Eq.

(2.17 in the n direction, we obtain the generalized Israel’s 1
junction condition[41-43 Rascp= 3(9A[CRD]B ge(cRpja) — 69A[CQD
[K/.Lv]i_ h/,LV[K]i+za(?’[‘]p,v]i_h,uv[‘]]i +CABCD1 (232
po —_ .2
2P ol KP7]2) = = K5y (2.24 whereCyrnsis the 5D Weyl curvature, we find
where
3 1
1 £.K,, 4hWh PEK == 53 M#V—Zth
Ju= §(2KKM,K"V+ KPUKP Ky
_ZKMPKPUKUV_KZK,LLV)Y (2.25 + K,up o 2 h,uvK Kre,
2.3
PMVPU:RMVPU+2hM[U plv +2hV[PR<T]M+Rh,U«[PhU]V' 233
(2.2  where
We have introduced R s
E.,=Cmrn?"'n"h",h>, . (2.39
[X].=X"—X", (2.27

N , ) ) However, because Ed2.33 is a trace-free equation, we
whereX= areX'’s evaluated either on thé or — side of the cannot fix £K,,, by Eg.(2.33. We have to finoha/g£nKa

brane _a.ndauvp(r is the divergence-free part of the Riemann from other mdependent equations. We shall take a trace of
tensor: L.e., our basic equatiofi2.6), finding
D, P* =0. (2.28

Mmoo vpo

3R+ algg=—2k2T. (2.35

B f th& try, h . . .
ecause o 2 Symmetry, we have Inserting Egs(2.11)—(2.13 with Eq. (2.33 into Eq. (2.35,

e . we find
K=K (2.29
L . . 2
then, the extrinsic curvature of the brane is uniquely deter-  , M B Kg a
mined by the junction condition as h*EnKap=75 +KapK+ 37— T+ 203+ aM) I
5 (2.39
Buv="% Tur: (230 \yhere
— N2 @ aBys
where | =M?=8M ,zM“P+M ,p5,sM*F7
_ o — p poK_ po
B,,=K,,—Kh,,+2a(3J,,-Jh,,—2P, K’ ()é » 8N,N”+4N,; N 12w ,,Er?. (237
. From Eg.(2.33 with Eq. (2.36), we then find
In what follows, we omit the indices below for brevity.
The above quasilinearity guarantees the ansatz of an infi- 3 1
nitely thin brane. The equations obtained for the induced £an:_§Ew_§<Mw_§Mhuv + K, K
metric are described by geometrical quantities and do not
depend on the microphysics of the brane. This situation will Ké o

be changed when we discuss other curvature-squared terms. +——+7h,,+ 55— |h

On the other hand, if we include the Lovelock Lagrangian 4B +aM)H 8(3+aM) F

which is higher than the Gauss-Bonnet one but does not (2.389
contain higher derivatives, we can assume that a brane is

infinitely thin because it is also quasilinear and then extendnserting Eq.(2.38 into Eq. (2.17), we obtain the effective
the present approach. gravitational equations on the brane as
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3 1
E(|\/|W+EW)—L—lMh,”+a[H§}3+H§fV>+H§fV>]
a?l " 1'\/Ih
2(3+aM)| THr g ey
:Ké TMNhMMhNV_ Zh/’“VT
« 1
+m MMV_ZMhMV 7|, (2.39
where
H=2M ,,4,M,“*7=6MM ., +4MM ,,—8M , M °
2 « aByd
—ghw(YM —24M ,gM*F+3M 5, sM “7%),
HZ)=—6(M,,E*,+ M, E ,+M,,,,E)
9 o
+5NuM o EP+3ME,,,,
H®=—4N,N,+4N(N,,,+N,,,)+2N,,, N7,
pa ! aBy
+4N,,,,N,”7+3h,,, = SN N7
(2.40

Equation(2.19 is automatically satisfied when we take a
trace of Eq.(2.39, which means that it is not independent.
We have then two basic equatiof&39 and (2.18. Equa-

tion (2.18 is rewritten as

PHYSICAL REVIEW D 69, 024002 (2004

It may be better to rewrite Eq2.39 to the Einstein-type
equations with “correction” terms. From Eq$2.19 and
(2.39, we find

1
GW+EW—KKW+KMPKPV+E(Kz—KaﬁKaﬁ)hW
N (D) G2 [ge)
+a(HE+HE+HE)
22 1
:f[ Tunh™,hN,+ TMNnMnN—Z’Z*V'M)hM

a

+W(Mw‘z“"hw

TMNhMN], (2.49

where

M,*7—3M*7M

waBy¥lv mpvo

(1)__(M
+2MMW—4|\/IMPMVP)

2 @ afys

5N (LIMZ = 40M sM P+ TM 45, M “57)

a

- 3(3+aM)

nv

1
M, —zMh
X (M2=8M ,sM B+ M, 5. sM*F7?),

H@=—4M,,

Py Ef,+M,E’,+M E??)+3h,,M ,,EF?

upvo

1
+2ME,, + M, — ZMhW)MpUEP",

3+aM(

v__ v v_ v__ vo ~ 8
D,[K,)=Ké, +2a(3],"=35,"—2P 77K ;)] va): 3[ NN, +NA(N N, )
= KéTMth\:InN, (24])

1

_ po po
which gives the constraint on the brane matter fields through + 2 NpouN"",+ NypoN, }
the junction condition(2.30: i.e., g

o
+ + - —
D, =—2Tyyh)n". (2.42 2N 3(3+aM)(M’“’ 4MhW)

If there is no energy-momentum transfer from the bulk, we N Ne— EN NaBY 24
. . X a afy . ( . 5)
find the energy-momentum conservation of brane matter 2

fields as

D, r,”=0.

vin

(2.43

In Eq. (2.39, we have so far three unknown variables
uv- The first two variables are described by
bulk information, whereas the extrinsic curvatilg, is re-
lated to the brane “energy-momentum” tensey, as Eq.
(2.30. Hence EQgs.(2.30 and (2.39 with the energy-
momentum conservatiof2.43 give the effective gravity

Tag, E,,, andK

pvo

theory on the brane.

As for the junction condition, we find

,—23h,,—2(3P,,,,+h,,G,,) K]

upvo

2a
K,uv+ ?[9\]#
K% 1
:_? TMV_§ThMV . (246)

If «=0, we find two equations
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1 H@)=—3(M,,E",+M,,E", +2L,,,,E)
2 a v v v, vo
Gyt By KK, K K2+ 5 (K2 =K gK ), 2 e g “e
1
2 + = h M £+ 5ME,,
1 My
- TE’ Tunh"ihN + | TynMnN- ZT"{\',')hM 2 2
6a -~ i
(2.47 * 3+ aMMP"Ep My
K3 1 ) P po
K== S| 7w 370 . (2.48 H®)=—4N,N,+4N"(N,,,+N,,,) +2N,,, N,
1
which are exactly the same as those found in R2i], +4N#pUNV”"+3hW(NaN“—ENQMN“M)
which gives the Einstein gravitational theory in the 4D brane
world. However, if the Gauss-Bonnet term appears, the Ao 1 ~
gravitational interaction on the brane will be modified in the + m( N N“— ENagyNaM) M,,. (252

effective theory.

The gravity on the brane is described by E2.39 with
Eq. (2.30 or, equivalently, by Eq(2.44) with Eq.(2.46). Just
as the case of the RS Il model, this system is not closed
because of the appearance of terms \ifh , which is some
component of the 5D Weyl curvature. Although we have to
solve a bulk spacetime as well as a brane world, we know

The junction conditior{2.30) is also decomposed into two
parts

1
KM—-=K?3

B=B*,=—3K+ a(4MpUK”"— 5

that any contribution from a bulk spacetime to a brane world S 8~p S 5
is described only by the tidal fordg,,, . +2KK, K= §K KK == o5 (253
Although the above forni2.39 or (2.44) is good enough
to describe our basic equations, it is sometimes convenientto _ 1
divide Eq.(2.39 into two parts: its trace and the trace-free  B,,=B,,— 7 Bh,,
equation. Introducing trace-free variables as
. 1 =K ,,—12a3,,— a| 4L ,,,,KP7+2K FM
_ mv pv ppvo pv
M=M= ZzMh,,, "
~ v SRR R WP, MR
L/wprr:Mﬂvp0+h#[(rMp]v+hV[pM0]#_ EMhM[ph(r]V' vopR R rY 3 mr
24
249 B K§ 1
we find i ZTh’” , (2.54
1 ~ o~
M+ a EMZ—ZMaﬁMaﬁnLLaM&L“BWS where
=—2k5Tunn"n", (2.50 K,,= —%Kh
§(|\7|W+Eﬂ )+ HE+HE)+HE) ~ 1
2 Jur=3u= 730,
:Ké TMNhM,uhNV 4 ;LVTMNhMN 1 _~ o~ 1
= 2| 2K, KrK,,+ KK, K”,
3 2
o, Ty (2.50 1
3+aM A ’ ' T 2
+KM<KMKP -5k )
where
| KRR, - KR RH (259
(1) a 'V VYRRV ~ a7 o . .
H,ELIZ 2(L,u.aﬂy v BV_M BL,u.av,B_MM Mm/) 2 4 P
_ 3—aM MW+ 2a YIRVLLY In this decomposition, our basic equations are EZ&0
6(3+aM) kYD 34 M P my and (2.51) with the junction conditiong2.53 and (2.54).

2 ,u,V(Laﬁy(sLaﬁ‘y(s M Ma )

This form may be better to describe some symmetric space-
time such as the Friedmann-Robertson-WalkeRW) uni-
verse, which we shall study next.
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We have also found thal, and Nz, vanish as will be

shown below. The nontrivial componentshf andN, 4, are

We apply the present reduction to the FRW cosmologycalculated as

We assume spacetime as

ds?= —dt?+a?(t) y;dx'dx, (3.1

wherey;; denotes the metric of maximally symmetric three-

dimensional space. This gives

R%=3(X+Y), R ;=(Y+3X)d';,

0 _ i ij oo d g
RUg=(X+Y)8;, R =X(6d =68y,

POi OIZX(SIJ f PIJ k|:(X+Y)(5I k§j|_ 5i |5J k)’ (32)

where

x=H2t S y=f— X (3.3
a®’ a’’ '

We assume that only a cosmological constant exists in the

bulk: i.e.,
kETyn=—AQun- (3.4
From the symmetry of FRW spacetime, we can set
K*,=(K%,Kd')), (3.5

E* =E° 1—15. (3.6)
v 0 '3 jle .

We note thaE”, is trace free. We then write down the basic

equationg2.50 and(2.51) as

2+ Y+ 4aX(X+ V)=, @7
3Y+2E%+ a(HY+H®@)=— A Y, (39
3+aM
where
X=X-K?,
Y=Y-K%K+K?, (3.9
M=6(2X+Y),
*“DE_Zﬁé§437;§Eﬁ%ﬁWﬁM2+1§24’
+4”542Y¥V+ Ba VﬂE%. (3.10
3+aM
Here we have used the fact tha},,, vanishes and
MM:%dL—Eﬁj. (3.11
v 2 371

No=—3N, Ng'=-N;,/=Ns] (3.12

whereNEIC—H(KOO—IC), which gives the left-hand side
(LHS) of Eq. (2.18 as

—3M1+4aX). (3.13

Since the RHS of Eq(2.18 vanishes when only a cosmo-
logical constant appears in a bulk spacetime, we obtain

N=K—H(K%—-K)=0, (3.19

resulting thatN,=N,z,=0.

As for the junction conditiorf2.30), we first calculate,,,,
as

qu 1 20 1 i
J V:_EIC (K O_IC) 1,_55] y

J=-2K%3K%+K), (3.15

and then obtain

- 3 _
B = Z[(KOO—IC)(1+4aX+8aIC2)

_ 1 .
+8aICY](1,— 30 j) ,
B=—3(K%+3K)—4a[ 2K ?(K+3K°)

+3(K%+3K)X+6KY]. (3.16

The junction condition(2.30 gives two independent rela-
tions

— 8 3 KE 0
K(1+4aX)+ §al€ =5 7o (3.17

2
v — K
(K%~ K)[1+4a(X+2K2)]+8aKY= 75(711_700)_
(3.18
We also find

X=2HY (3.19

from Eq. (3.14) with X=2HY. We then recover the energy-
momentum conservation law

%+ 3H(— 1) =0

(3.20

from Egs.(3.17 and(3.18.
Using Eq.(3.19 with Eq. (3.7), we obtain
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. _ A _ — V3
X=2H(1+4a%) Y 5 ~2X(1+2a%)|, (320 £~ — 3y, (a)| 1+ 2@ | 509
2 - 3[1+4aX. (a)]
which is easily integrated as where
— — A C o o A o
X(r2aX) =g+ (22 Y.(@=[1+4aX.(2)] ! 3~ 2X(@)[1+2aX.(3)]
whereC is an integration constant. _ v 1—a
A C This is the advantage in our description of the basic equa-
X=Xq(a)= =+ —. (3.23  tions (2.50 and (2.51). The former gives the generalized
6 a Friedmann equation, while the latter is an algebraic equation
, . for E,
With Eg. (3.17 we find Because we have the Birkhoff-type theor¢d®,44, the
4 bulk spacetime is described by a “black hole” solution

XEYo(a)HCz:g—g(Too)er %+ ;' (3.24  [45,48, whose metric is

ds?=—f(r)dt?+f Y(r)dr2+r2d3Z,  (3.3)
Setting 7'00= —(\+p), where\ is a positive tension of the
brane ang is the energy density, we recover the well-knownwhere
equation in brane cosmology, i.e.

r2
f(r)y=k+ E

1= \/1+4a/\+ 16ap (3.32
k A, 87G i, E% + = T3] G
2 2
H +¥=?+Tp+3—6p +?, (325)
A mass of a “black hole” is given byv =Qk,u/f<§, where

where Q, is the volume of three-dimensional space with a unit
radius. Calculating the curvature tensor, we find

1 KeN? Ke
A4=§<A+ 2 ) swezé’x. (3.26 E%=C%,,
- m 4aN  16ap) %7 4aN  16au
We have usecE’(=—3Y/2)=3C/a* which is obtained =*ra|lt 5t 3= 3 T ot
from Egs.(3.7), (3.8), and(3.23.
When a«#0, solving the above quadratic equation, we (333

obtain Using Eq.(3.27), we find that Eq(3.29 with Eq.(3.30 is

1 the same as E(q3.33 with x=3C/2 andr=a. Hence an
Y:Y+(a)z_[_1i \/1+8afo(a)]. (3.27 integration constanC corresponds to a mass of a “black
N 4a hole” just as in the RS Il model. However, “dark radiation”
_ ) _ _ EO0 is not simply a radiation term but it depends complicat-
;_nsdertmgIC =X—X.(a) into the square of E((3.17), we  edly ona. The signaturet in Eq.(3.33 corresponds ta- of
in Iva
Xi .
8 4 2 4 Here we shortly summarize a global structure of the
-X — —aX 25,02 “black hole” solution (3.31). It has a singularity at=0 if
[X=X.(a)]| 1+ 3a/X-i- 3aXi(a) 36(7' o) 470 as
(3.28
4u

This is a generalization of the Friedmann equation. If the RABCDRABCD~—4. (3.39

brane contains only the matter field including a tension—i.e., ar

T°o=—()\+p)—it is a cubic equation with respect t&

—H2+k/a2 [29,30,42. When we have the Einstein-Hilbert If 1+ 3 aA>0, the upper-sign solution of E€3.32 has an
action on the brane such as an induced grajd®,34], the  event horizon ifk<0 or k=1 and u>3«, while for the
generalized Friedmann equation becomes complicated, butliower-sign case, a singularity becomes naked uriess- 1

is still a cubic equation[31]. In the case with a trace andu<3a. For the case of + oA <0, r is bounded from

anomaly,, contains not only, p, andX, but alsoy andy. ~ @bove as <r sy, where
As a result, we have a very complicated equation.

The other independent equati@®8) just gives the value
of EY; i.e.,

166!/1/ 1/4
3|1+ 3 aA|

(3.39

r max
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Although the equatiori(r)=0 has a positive root for some small variables and expanding E@.28 up to those first-
restricted conditions, there appears another singularity at order terms, we find the conventional Friedmann equation

=Trmax- The curvature-invariant diverges there as with dark radiation as
() g G c®)
u 2 k A4 ar N
R R ABCD_ _ (3.36 H?+ —= + pt : (3.41)
ABep 120 ey = T)° a® 3 3 a'
Since this singularity is time like and then naked, the abovavhere
root does not mean an event horizon. There is no regular 4 3
asymptotic region. 4y 2 . -
Another important property of this solution is about sta- () O 3 al
bility. First, Boulware and Deser claimed that the lower- A= 2 1 , (342
branch solution in Eq(3.32 is unstable[45]; however, it 12a(1—§a/\+ gkgm.z)
turns out that the solutions in both branches are stigdig
With these basic equations, several authors analyzed the 4
dynz_;\mics of the _univers&9—3]]. In this paper, assu_ming 8rG(H) = Ks (= s 2AL))
the induced gravity modgR3,34], we first find a condition N 4 s o Kida )
for a Minkowski brane. In the induced gravity modé3], 6| 1—gaA+ zrshu
we have (3.43
%=—(\+p)+3u X, (3.37) c
cH) =
where \ is a positive tension of a brane, is the energy 3l1— f At } ay 2
density on a brane, and, is a mass scale in the induced g ¥ T g

gravity, which is expected to be the Planck mass. If we set Z o
=0, we find the model without an induced gravity action / +
on the brane. In the Minkowski bran¥=Y=0 andp=0. 2xy1tgaht §aAE‘ ))' (3.44
From these conditions with Eq€3.18 and (3.30, we show
thatC=0. The real value condition foX requires Hence, in both branches, we have recovered the conventional
Friedmann universe in an asymptotic form. The early stage
4 of the universe may depend on the parameters as discussed in
1+3aA>0. (3.38  Refs.[29-31.
If 1+3aA<O0, the scale factor of the universe cannot be
Inserting the conditions for the Minkowski brane wih  INfinitely large. There is an upper bound @S- &pma:=" max-
=0 into Eq.(3.28, we find NQ Minkowski brane exists. If the s_cale factor approa_ches
this value, the Weyl curvatur€s.33 diverges, where a sin-
312 gularity appears in a bulk black hole spacetime. Hence our
1+ —aA) . (3.39 universe evolves into a singularity although a scale factor is
3 finite. Even if the universe does not approach this singularity,

. . . . the universe will get into trouble because it is a naked sin-
This is a tuning condition for a zero cosmological constant

on the brane. For the upper branch, when we take a limit ogularlty.
a—0, we recoverA + kg\2/6=0, which is the fine-tuning
condition for the RS Il model. Note that such a limit does not IV. CONCLUDING REMARKS

exist for the lower branch, although we have the Minkowski  \ve have derived the covariant gravitational equations of a
brane in this branch. The conditi¢8.38 gives the possible prane world model with the Gauss-Bonnet curvature-squared
range fork: that is, term in a bulk spacetime. Although the obtained equations
) are very complicated, any effects from a bulk spacetime to a
for —3<4aA =<0 inthe upperbranch,  prane world are described only by the Weyl curvatuge ).
for —3<4aA<9 inthe lower branch. The basic equations are not given in a closed form because
(3.40  of this term.
Giving the energy-momentum tensor of the brane, which
If A vanishes, we obtain the Minkowski brane for the loweris shown to be conserved, the extrinsic curvatie ) of a
branch withaxg\?=2. A de Sitter brandor anti de—Sitter  brane satisfies a cubic matrix equation. Since it is not explic-
braneg is obtained ifA is larger(or smallej than that given itly given by the energy-momentum tensor, we have to solve
by Eq.(3.39. a couple of equations for the induced metric and the extrinsic
Finally, we show an asymptotic Friedmann equation bycurvature. If the brane action includes the induced gravity
perturbing the Minkowski brane spacetime. Here we do noterm, which may be expected from quantum effects of matter
impose the tuning conditiof8.39. SettingX, p, andC/a*as fields on the brane, we have to replace the energy-

X

aKg)\ZZ 1-4aA~

0= aKé)\2<4
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momentum tensor with its generalization just as in [R28]. realistic string theory, we have a dilaton field which couples

We have then applied the present formalism to cosmolio the Gauss-Bonnet term as well. It will change the dynam-
ogy. Assuming the FRW spacetime for a brane world, weics of a brane world too. Such extensions are in progress.
have rederived the generalized Friedmann equation. The olxnalyzing those models, we hope that some fundamental

tained equation has one integration constant, jUSt as in the R:%smok)gicaj pr0b|ems such as a big_bang Singu|arity or a
Il model, which is proportional to mass of a 5D black hole cosmological constant will be solved.

solution. Hence the cosmological model has only one un-
known parameter. The system is described in a closed form.
Although we consider the Gauss-Bonnet term which ap-
pears as the lowest-order correction in e expansion of
superstring theory, we also expect higher-curvature correc- We would like to thank K. Aoyanagi, N. Deruelle, S. Mi-
tion terms which are not taken into account in the presenzuno, and N. Okuyama for useful discussions. We also ac-
system. These terms would become important in the regioknowledge C. Charmousis for useful comments on refer-
with large curvature and modify the above story around sinences. This work was partially supported by a Grant-in-Aid
gularities. In this sense it should be noted that the preseror Scientific Research Fund of MEX{Nos. 14047216 and
approach can be applied not only to a brane model with thd454028}, by a Grant for The 21st Century COE Program
Gauss-Bonnet term in arbitrary dimensions but also to thatHolistic Research and Education center for Physics Self-
with any Lovelock terms because of their quasilinearityorganization Systemsat Waseda University, and by the
[48,33. Another extension is inclusion of a dilaton field. In a Waseda University Grant for Special Research Projects.
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